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As natural gas pipeline systems have become more complex, the natural 
gas pipeline industries have increasingly used modern optimization techniques 
in the planning and operation of such systems. The problem considered in 
this paper is the optimization of a single-source natural-gas transmission 
network operating in steady-state and having a tree (loop-free) structure 
similar to Fig. 1.l Specifically, an operating policy for the compressors of 
the network is desired that minimizes the total compressor horsepower 
expended while delivering the specified steady-state flow of gas, meeting 
pressure constraints along the network, and meeting constraints on the oper- 
ating characteristics of each compressor. 
The optimization of a single source tree structured network is considered 
in three stages. First, the optimization of a single pipeline with numerous 
compressors in series is shown to be a one-dimensional dynamic program- 
ming problem. Second, the optimization of a single junction network is 
decomposed into the sequential optimization of single pipelines. Third, 
the optimization of a multiple junction network is decomposed into the 
sequential solution of single junction networks. Consequently, the overall 
result is to decompose the optimization of networks into the sequential 
solution of one-dimensional dynamic programming problems. Since the 
computational requirements of one-dimensional dynamic programming 
problems are modest, the entire network can be optimized on moderate size 
computers. 
* Information and Control Laboratory, Stanford Research Institute, Menlo Park, 
California. 
1 Transmission networks often transport gas thousands of miles from gas-bearing 
regions to population centers. The portion of the transmission network prior to the 
delivery points can often be approximated adequately by a three structure operating 
in steady state. 
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FIG. 1. A single-source tree-structured transmission network. 
DYNAMIC PROGRAMMING 
In this section, dynamic programming is briefly reviewed and the dynamic 
programming functional equation is presented. For a more detailed treatment 
see Refs. 1 and 2. 
Consider the following deterministic multistage decision problem. Giwen 
the state transition function 
where 
x(i + 1) =F[x(i), u(i), i] i = 0, 1 )..., N - 1, (1) 
i A index of stage variable - 
x(i) 4 n dimensional state vector at stage i 
u(i) & m dimensional decision vector at stage i, 
minimize the following return function over all sequences u(O), u(l),... 
u(N - 1)2 
N-l 
C 4X), u(i), iI + YWVI (2) 
is0 
a In this formulation, no decision is made at the last stage. The function Y[x(N)] 
represents the terminal cost. 
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subject o the following constraints: 
x(i) E X[i] A admissible state space at stage i (3) 
u(i) E U[x(i), i] A admissible decision set at state x(i) and stage i. (4) 
To obtain the dynamic programming functional equation, let us first 
define the following optimal return functions. 
J[x(i), i] & Minimum return for an optimal sequence of decisions 
from an initial state x(i) at stage i to stage N. 
(5) 
Using the Principle of Optimality [l , 21 one immediately obtains the dynamic 
programming functional equation 
J[x(i), il = min @x(i), u(i), i] + J[F[x(i), u(i), i], i + l]}. (6) 
u(i)EU[x(i),i] 
When the state is x(i) at stage i, the optimal decision is that decision which 
minimizes (6). More specifically, the optimal decision is 
u”[x(i), i] & arg min {e[x(i), u(i), i] + J[F[x(i), u(i), i], i + l]}. (7) 
u(i)eU[x(i),zl 
SINGLE PIPELINE 
In this section, the problem of minimizing the cost of operating a single 
transmission pipeline in steady-state with numerous compressor stations 
in series is considered. A symbolic representation of a long gas transmission 
pipeline with N compressor stations in series interconnected by N + 1 
pipe sections is shown in Fig. 2, where 
Qd A steady-state flow of gas into pipe section i (mmcfd)3 
‘IN P ‘2 ‘do 
P 
SI ‘dt Ps* 
SEC. 0 0 SEC. I I 
- 
- “~ fLIJj..,p6”T 
00 0, 02 ON 
FIG. 2. Single pipeline with n compressors in series. 
* mmcfd = millions of cubic feet per day. 
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Psi n suction (input) pressure into the ith compressor (psi) 
Pdi g discharge (output) pressure out of the ith compressor (psi) 
PIN & input pressure of the pipeline (psi) 
P OUT 4 output pressure of the pipeline (psi). 
The steady-state relation between the pressures and flows in each pipe 
section are assumed to be given by the Weymouth Formula, 
PfN - Ps,,” = KoQo” (8) 
Pdi2 - f’sz”+1 = Ki+,Q:+, i = 0, l,..., N - 1, (9) 
where Ki is called the Weymouth constant and is determined by the physical 
characteristics of each individual pipe section [3]. The horsepower required 
of the ith compressor to compress the gas at a given rate of gas flow is given 
by the following equation: 
H.P. 1 compressor i =Qi [Ai (z)” - B”] i = 0, l,..., N - I. (10) 
z 
The constants in (10) are determined by the specific type of compressors 
involved. 
The problem is to determine the optimum steady-state suction and 
discharge pressure for each compressor such that the total compressor 
horsepower is minimized. The optimization is carried out subject to con- 
straints that the steady-state flow Qi is specified along each pipe section, the 
maximum compression ratio of each compressor is not exceeded, the maxi- 
mum and minimum pressures along each pipe section are not exceeded, and 
the initial input pressure PIN is specified. The flow along each pipe section 
may vary since it is common practice to use a portion of gas flowing into a 
compressor as fuel for the compressor. Since pipe sections may vary in 
diameter and age, the maximum and minimum pressures also vary. 
The above optimization problem can be concisely written in the following 
manner: 
Minimize the total horsepower over Pd, and Psi 
(11) 
subject o the following constraints: 
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(i) Steady-state flow is specified 
PiN - Pq,” = K,,Q,2 
Pd,’ - Ps,“+~ = Ki+IQ;+I i = 0, l,..., N - 1 
Ps, = P*UT 
(ii) Maximum compression ratio is not exceeded 
1 < $ < SilllaX i = 0, l)...) N - 1. 
2 
(iii) Pressure constraints in each pipe section are not exceeded 
Pi+lUlill < psi+l < Pi+lUlaX i = 0, I,..., N - 1 
Pi+lmin < Pdi < Pi+lmax i = 0, l,..., N - 1. 
(iv) Initial input pressure is specified 
PIN = constant. 
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(12) 
(13) 
(14) 
(1% 
(16) 
(17) 
(18) 
The above problem [( 11) through (18)] can be formulated as a multistage 
decision process analogous to (1) through (4) by defining. 
Stage Variable 
i = 0, l,..., N (ordering of suction pressures). 
State Variable 
x(i) = Psi2 i = 0, I,..., N (suction pressure squared). 
Decision Variable* 
u(i) = Pdi2 - Psi2 i = 0, l,..., N - 1 (difference of squared 
suction and discharge pressure). 
State Transition Function 
x(i + 1) = x(i) + u(i) - Ki+IQf+I i = 0, l,..., N - 1. 
Return Function 
(19) 
(20) 
(21) 
(22) 
(23) 
4 The disparity in the maximum index in (20) and (21) arises because no decision 
is required at the last stage. 
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State Constraints 
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(24) 
Decision Constraints 
0 < u(i) < x(i) [S&, - 11. (26) 
It is to be emphasized that the above problem is a one-dimensional multi- 
stage decision process and can be easily solved using dynamic programming. 
SINGLE JUNCTION NETWORK 
Figure 3 shows a single junction network with one pipeline directing gas 
toward the junction and I - 1 pipelines directing gas away from the junction. 
The pipelines are numbered from 1 to 1, as shown in Fig. 3, with pipeline i 
LINE 2 
FIG. 3. Single-junction network. 
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containing Ni compressors and Ni + 1 pipe sections. Similar to the case of 
single pipelines, let us define the following: 
Qii 4 steady-state flow of gas in pipe sectionj of pipeline i (mm&f) 
Ps,~ 2 suction (input) pressure into thejth compressor of pipeline i (psi) 
Pdij & discharge (output) pressure out of the jth compressor of pipe- 
line i (psi) 
PirN A input pressure of pipeline i (psi) 
PiOllT A output pressure of pipeline i (psi). 
The problem statement is analogous to the single pipeline case given in (11) 
through (18), h w ere all constants are doubly indexed: 
Minimixe the total horsepower over Pdij and PSij 
subject o the following constraints: 
(i) Steady-state flow is specified 
PiIN - Psi2, = Ki,Q& 
Pdfj - Psi, = Ki,+,Qi”j+l i = l,..., I; j = O,..., Ni -- 1 
PSNi z PiOn s 
(ii) Maximum compression ratio is not exceeded 
1 <I<sijmax i=l,..., I; j=O ,..., Ni- 1. 
03 
(iii) Pressure constraints in each pipe section are not exceeded 
P ts+lrnin < P&j < Pij+lmax i = I,..., I; j = O,..., N, - 1 
pgmin < psi+ < pi,max i = l,..., I; j = o,..., Ni - 1. 
(iv) Junction Constraints 
Qw = ia Qw 
p~OUT = pilN i = 2,..., I. 
(27) 
(28) 
(2% 
(30) 
(31) 
(32) 
(33) 
(34) 
(35) 
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(v) Initial input (source) pressure is specified 
P rIN = constant. (36) 
Similar to the case for single pipelines, one can formulate the problem as a 
multistage decision process. Without loss of generality, assume that 
Ns < Na < .a. < N, . Figure 4 shows the decision variables corresponding 
to each stage. Specifically, one chooses the compressor settings of pipeline 1 
up to stage Nr - I. For the stages beyond Nr , the decision variable requires 
the simultaneous choice of compressor settings from pipelines 2 to I. 
Using the Principle of Optimality, one can decompose the above multistage 
decision process into optimizing the process from stage Nr to Nr + Nr , 
and then optimizing from stage 1 to Nr . Physically, this implies that the 
optimization of the network can be accomplished by optimizing the compres- 
sor settings for pipelines 2 to 1, and then optimizing the compressor settings 
of pipeline I with an added terminal cost obtained from the optimization 
of pipelines 2 to 1. However, one can optimize pipelines 2 to I independently 
as 1-l single pipelines, since the total horsepower cost (27) is a separable 
sum in terms of the variables of the pipelines. The fact that the horsepower 
cost is a separable sum also implies that the terminal cost added to the 
optimization of pipeline 1 can be stored as 1-l one-dimensional tables instead 
of a single (I-1)-d’ imensional table. Consequently, the total single junction 
network can be optimized by the sequential solution of I one-dimensional 
dynamic programming problems. 
L+iJqJ* PIPELINE 2 
PIPELINE 3 
+--t------+--t--- 
0 I . . . N,-I N, N,,l . . . N,+N* . . . N,+N, . . . N,+Nl STAGE 
FIG. 4. Multistage decision process for single-junction network. 
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MULTIPLE JUNCTION NETWORKS 
The transmission networks considered in this paper are assumed to have 
a single source and a tree (loop-free) structure similar to Fig. 1.5 Since the 
networks are loop-free, it is easy to show that the configuration of pipelines 
connected directly to a single junction must have the structure discussed in 
the previous section and shown in Fig. 3. The optimization of the entire 
network will be accomplished by successively isolating and optimizing single- 
junction networks. 
For the sake of exposition let us define the order of a junction in a network 
to be the number of junctions on the unique path from the source to the 
junction in question with the source included as a junction (see Fig. 5). 
That the path is unique follows directly from the fact that the network is 
loop-free. 
FIG. 5. Order of junctions in a network. 
Without loss of generality, assume that the highest-order junction in the 
network is M. By using the procedure discussed in the previous section, 
successively optimize the set of pipelines directing gas away from all junctions 
5 The graph theory terminology for describing the networks considered in this 
paper is “rooted directed three” [4]. 
409/24/3- 11 
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of order M. Remove all junctions of order M and those pipelines directing 
gas away from junctions of order M. Now the highest-order junction in the 
network is M-l. By using the procedure discussed in the previous section, 
successively optimize the set of pipelines directing gas away from junctions 
of order M-l with an added terminal cost obtained from the previous opti- 
mization. One can continue the procedure until the highest-order junction 
is 1, which means that only pipelines directing gas away from the source are 
left. This single junction network can be optimized by the procedure of the 
previous section. 
It has been shown previously that the optimization of single-junction 
networks can be accomplished by the sequential solution of one-dimensional 
dynamic programming problems. Since the optimization of the entire network 
is reduced to the sequential solution of single-junction networks, then the 
entire network can be optimized by the sequential solution of one-dimensional 
dynamic programming problems. It is to be remarked that the sequential 
solution of one-dimensional dynamic programming problems offer no prob- 
lems as far as computer storage is concerned. The inequality constraints 
can be easily handled and actually reduce the computational requirements 
of dynamic programming. In addition, when a solution is obtained for a 
given set of steady-state flows, one has the optimal solution for all input 
(source) pressures. 
COMPUTATIONAL EXAMPLES 
In this section, two examples are considered. The first example is a single 
pipeline with ten compressors in series, and the second example is a network 
of three single pipelines connected in the form of a Y with a total of 23 com- 
pressors. 
Case 1 : Single Pipeline 
Consider a single pipeline with ten compressors in series and characteristics 
as shown in Table I. (See Fig. 2 with N = 10.) It is to be noted that extremely 
large pressure drops occur in Sections 3 and 9 (see K3 and Ko), the fifth 
compressor is approximately two-thirds as efficient (50 o/0 greater operating 
costs) as the other compressors (see A, and Bs), the maximum pressure 
constraints in pipe sections 5 and 7 are lower than in the other sections (see 
P gmsx and P,max), and the maximum compression ratios for compressors 3 
and 6 are respectively lower and higher than the other compressors (see 
S ,smax and SW,). It is assumed that the initial input flow into the first 
compressor is 600 mmcfd and that approximately 0.5 O/, of the total gas flow 
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TABLE I 
SINGLE-PIPELINE PARAMETERS 
i 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
K Pimin Pimax Szmxi yi Ai Bi Qi 
(Psi) (psi) (mncfd) 
0.800 500.0 1000.0 1.6 0.217 215.8 213.9 600.0 
0.800 500.0 1000.0 1.6 0.217 215.8 213.9 597.0 
0.922 500.0 1000.0 1.5 0.217 215.8 213.9 594.0 
1.870 500.0 1000.0 1.3 0.217 215.8 213.9 591.0 
0.894 500.0 1000.0 1.6 0.217 215.8 213.9 588.1 
0.917 500.0 900.0 1.6 0.217 323.7 320.8 585.2 
0.989 500.0 1000.0 1.75 0.217 215.8 213.9 582.2 
0.964 500.0 900.0 1.5 0.217 215.8 213.9 579.3 
1.030 500.0 1000.0 1.6 0.217 215.8 213.9 576.4 
1.950 500.0 1000.0 1.6 0.217 215.8 213.9 573.5 
1.040 500.0 1000.0 - - - 570.7 
through the compressor is tapped off the transmission line to provide fuel 
for the compressor. 
Figure 6 shows the operating policy for an initial input suction pressure 
(I’S,,) of 500 psi. The following is a detailed analysis of the operating policy for 
this particular example. 
.;,_; --- -- - -- -_-__-. 
i: \ 
\ ,r’--j =y!.yyqy ’ 
;1 ce ii \ 
500 --- -------------____--_----- 
L I I I I I I I I I 
0 I 2 3 4 5 6 7 8 9 
COMPRESSOR STATIONS 
FIG. 6. Suction and discharge pressures for ten compressors in series. 
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l Compressors 0, 3, and 4 are limited by the maximum compression 
ratio. 
l Compressors 1, 2, 6, 7, and 8 are limited by the maximum pressure 
constraint. 
l Compressor 5 is used to partial capacity since its operation is particular 
costly. 
l Compressor 9 supplies just enough energy to keep POUT at the mini- 
mum pressure. 
Case 2: Y Network 
The network to be considered is composed of three single pipelines con- 
nected in the forms of a Y with a total of 23 compressors. (See Fig. 3 for 
configuration and notation with I = 3, Nr = 10, Na = 5, and Ns = 8.) 
TABLE II 
Y NETWORK PARAMETEFG 
ij Kj P 0 mill P 1, ma= 
10 0.8 500 1000 
11 0.8 500 loo0 
12 0.8 500 1000 
13 1.2 500 900 
14 1.2 500 1000 
15 1.0 500 1000 
16 0.8 500 900 
17 0.8 500 loo0 
18 1.2 500 900 
19 1.2 500 1000 
110 0.8 500 100 
&j Bij 
0.217 1.6 215.8 213.9 
0.217 1.6 215.8 213.9 
0.217 1.6 215.8 213.9 
0.217 1.75 215.8 213.9 
0.217 1.75 323.7 320.8 
0.217 1.6 215.8 213.9 
0.217 1.6 323.7 320.8 
0.217 1.6 215.8 213.9 
0.217 1.75 323.7 320.8 
0.217 1.75 215.8 213.9 
- - 
Qi5 
600 
597 
594 
591 
588 
585 
582 
579 
576 
573 
570 
20 4.0 500 700 0.217 1.6 215.8 213.9 190 
21 4.5 500 700 0.217 1.6 215.8 213.9 189 
22 4.0 500 650 0.217 1.6 323.7 320.8 188 
23 3.5 500 700 0.217 i.3 215.8 213.9 187 
24 4.0 500 650 0.217 1.75 323.7 320.8 186 
25 4.0 500 700 - - - 185 
30 1.6 500 800 0.217 1.6 
31 1.5 500 800 0.217 1.75 
32 1.0 500 800 0.217 1.6 
33 1.3 500 700 0.217 1.6 
34 1.0 500 800 0.217 1.3 
35 1.3 500 800 0.217 1.6 
36 1.3 500 700 0.217 1.75 
37 1.8 500 800 0.217 1.6 
38 1.3 500 800 - - 
215.8 213.9 
323.7 320.8 
215.8 213.9 
323.7 320.8 
215.8 213.9 
215.8 213.9 
323.7 320.8 
215.8 213.9 
- - 
380 
378 
376 
374 
372 
370 
368 
366 
364 
- 
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The parameters corresponding to the constraints in (27) and (36) are shown 
in Table II. It is assumed that the initial flow into line 1 is 600 mmcfd with 
approximately 200 mmcfd flowing into line 2 and 400 mmcfd flowing into 
line 3. Again it is assumed that 0.5 percent of the gas flowing through a 
compressor is tapped off the line to provide fuel for the compressor. Similar 
to the previous example, it is to be noted that each line of the network 
experiences changes in the maximum pressure constraint and that several 
compressors on each line are less efficient than the other compressors on 
the line. 
Figure 7 shows the operating policy for an initial input suction pressure 
into line 1 (J’s,,) of 500 psi. The following is a detailed analysis of the operat- 
ing policy for this particular example. 
l Compressors 10 and 11 are limited by the maximum compression 
ratio. 
o Compressors 12, 13, 15, 17, 20, 21, 23, 30, 32, 34, and 35 are limited 
by the maximum pressure constraint. 
l Compressors 14, 16, 18, 22, 31, 33, and 36 are used to partial capacity 
since their operation is particularly costly. 
1000 
950 
900 
850 
800 
750 
700 
650 
600 
550 
500 
l SUCTION PRESSURE 
0 DISCHARGE PRESSURE 
.-----Pl---- 
I I1 I I I I I I J 
12 14 16 1s 
LINE I COMPRESSORS 
700 
650 
600 
550 
500 
20 22 24 
LINE 2 COMPRESSORS 
800 
750 
700 
650 
600 
550 
500 
1 32 34 36 
LINE 3 COMPRESSORS 
FIG. 7. Suction and discharge pressures for the Y network. 
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l Compressor 19 supplies enough energy so that PIoUT is at 700 psi, 
which is the maximum pressure constraint imposed by the coupling to line 2. 
l Compressors 24 and 37 supply just enough energy to keep PzouT 
and PaoUT at the minimum pressure. 
CONCLUSION 
It has been shown that the steady-state optimization of a single-source, 
tree-structured, natural-gas transmission network can be decomposed into 
the sequential solution of one-dimensional dynamic programming problems. 
The implication of this result is that large networks can be optimized on 
moderate sized computers. Although the techniques presented have been 
strictly concerned with natural gas transmission networks, it is felt that the 
problem formulation and approach is sufficiently general to apply to other 
transmission and distribution networks having a similar structure, i.e., 
water resources, petroleum, etc. 
REFERENCES 
1. R. E. BELLMAN AND S. E. DREYFUS. “Applied Dynamic Programming.” Princeton 
Univ. Press, Princeton, New Jersey, 1962. 
2. G. L. NEMHOUSER. “Introduction to Dynamic Programming.” Wiley, New York, 
1966. 
3. D. L. KATZ. “Handbook of Natural Gas Engineering.” McGraw-Hill, New York, 
1959. 
4. R. G. BUSACKER AND T. L. SAATY. “Finite Graphs and Networks: An Introduction 
with Applications.” McGraw-Hill, New York, 1965. 
